For most image registration problems a smooth one-to-one mapping is desirable, a diffeomorphism. This can be obtained using priors such as volume preservation, certain kinds of elasticity or both. The key principle is to regularize the strain of the deformation which can be done through penalization of the eigen values of the stress tensor. We present a computational framework for regularization of image registration for isotropic hyper elasticity. We formulate an efficient and parallel scheme for computing the principal stain based for a given parameterization by decomposing the left Cauchy-Green strain tensor and deriving analytical derivatives of the principal stretches as a function of the deformation, guaranteeing a diffeomorphism in every evaluation point. Hyper elasticity allows us to handle large deformation without re-meshing. The method is general and allows for the well-known hyper elastic priors such at the Saint Vernant Kirchoff model, the Ogden material model or Riemanian elasticity. We exemplify the approach through synthetic registration and special tests as well as registration of different modalities; 2D cardiac MRI and 3D surfaces of the human ear. The artificial examples illustrate the degree of deformation the formulation can handle numerically. Numerically the computational complexity is no more than 1.45 times the computational complexity of Sum of Squared Differences.
Introduction
Registration has been the subject of intense research as it forms the basis for most quantitative methods for analyzing and tracking morphological changes. It is well known that image registration is an ill-posed problem and to obtain a meaningful solution the problem has to regularized. Simple regularizers include re-sampling and re-gridding or diffusion and linear elasticity which penalize deformation directly upon the elements of the displacement gradient. It is desirable to use a proper rotation-invariant measure such as the strain tensor. Frequently used regularization approaches are volume preservation, parameter constraints through subspace projection, or more advanced methods such as the methods we describe based on strains e.g. Riemanian elasticity. These more advanced regularizers are based on physical models such as viscosity or elasticity. The elasticity model is attractive as it is invariant to local translation and rotation assuring meaningful regularization through the use of principal stretches; the eigen value of the left and right stretch tensor. The use of this type of regularizer is computational expensive. However, as we show very efficient computations through analytical expressions can be made including their derivatives. The resulting scheme is 1.45 times the computational cost of SSD for tedrahedra in 3D. This enables the use of gradient based methods, with fast convergence. Furthermore, this provides the local scaling (the determinant of the stretch) such that the non-linearity in the transformation can be accounted for in the similarity measure. We present a registration framework that simplifies the implementation of these constraints. The framework is based on the left Cauchy-Green strain tensor and its eigen values (squared principal stretches). We form analytical derivatives of the eigen values with respect to the parameters, independent of the parameterization. This is essential for easy and fast implementation. Through the chain-rule it is possible to easily change bases and elasticity model. We illustrate the method on synthetic data, 2D MRI data and 3D surface registration of Human ear canals. We model the deformation and exemplify some derivations with tetrahedra and B-splines as the bases to illustrate the approach and implementation.
Previous Work
Registration is an area of continuous research because of its importance in creating a basis for further analysis. The problem is generally ill-posed, so it needs a prior or regularization to obtain meaningful results. In most registration schemes, a regularizer is applied to ensure a valid spatial deformation which is smooth and preserves topology. The majority of regularization approaches find their motivation in continuum mechanics. Linear elastic body forces was initially proposed by [1] to regularize the deformation. This was later adapted into a registration algorithm in [2] . Riemannian elasticity was introduced by [3] which, in contrast to linear elasticity, is rotation-invariant and therefore capable of capturing much larger deformations. Elastic image registration by incorporating volume-preserving soft constraints in registration of pre-and post-contrast MRIs of the female breast was essentially performed in [4] and [5] . Similarly, [6] used volume-preserving hard constraints together with linear elasticity to register pre-and post-contrast MRIs. [7] proposed diffusive regularization, which is the squared Fröbenius norm of the displacement gradient. The use of viscous-fluid priors was introduced in [8] which regularize the flow of the deformation rather than the relative spatial displacements. Fluid registration has become widely popular in the neuro-imaging community [8, 9] because of its ability to model large deformations. Rueckert et al. [10] reduced the dimensionality of the image registration problem and ensured a smooth deformation field by using B-splines to describe the deformations between images. Many research groups have since adapted this approach [11, 12] . Other typical parameterizations of the deformation field are the cosine kernel proposed by [13] and different kinds of radial basis functions [14] . The focus of this work is on generalization of non-linear strain and we exemplify using Riemannian elasticity, with a formulation that allows for easy exchange of the regularizer to other forms such as the Ogden material model [15] . The reminder of this paper is organized as follows: In section 3 we briefly review registration, in section 4 we briefly discuss similarity measures and derive the first order structure for SSD as an example. In section 5 we present the regularization framework and present our approach to evaluate the regularization functional and the first order structure. In section 6 we discuss two different commonly used bases, B-splines and tetrahedra. In section 7 we present experimental results, discuss the method in 8 and draw our conclusion in section 9.
Registration
We formulate the registration problem as follows: Find a transformation φ which maps R to I minimizing the similarity measure D. This is an ill-posed problem, so we add a regularization term S to the function φ. This can be written as the following objective function
where φ is the deformation. Most registration schemes are formulated numerically and the influence of local scaling which occur for non-rigid transformations are left out. Some schemes compensate for this through re-gridding. However when dealing with large deformation as non-linear hyper elasticity a decision about local scaling has to be made, one is to take scaling into account or to consider the problem as re-sampling. For the minimization of F we use the gradient-based methods, in particular LBFGS [16] 
Similarity Measure and Image Function
The image forces which drive the registration are derived from the similarity between the reference and the deformed template image. The natural choice is sum of squared differences (SSD), however, this requires images where the values are directly comparable without major bias, gradients etc. To counter these effects, several other similarity measures exist. The most important include: mutual information [17] , normalized mutual information [18] , normalized gradient fields [19] , cross correlation [1] and correlation ratio [20] . For surfaces, the choice is often SSD on a signed distance field or point-to-point distance (Iterated Closes Point ICP) [21] .For first order structure of the similarity measure SSD, we write
Differentiating with respect to the parameters p and using the chain rule we get
wherex = φ(x; p). Images are considered to be smooth functions ensured by using cubic B-spline interpolation, which is C 2 -continuous.
Regularization
We formulate the regularization energy upon φ as the integration of an energy density function r, i.e.
We prefer the elasticity-based regularizers as they allow for large deformation because of rotation-invariance. Any isotropic elasticity energy density function can be formulated as a function of the eigen values of the left Cauchy-Green strain tensor.
Among these elasticity-based regularizers are volume preservation, Riemanian elasticity and St. Venant Kirchoff elasticity. The density functions are
where is the eigen values of the left Cauchy-Green strain tensor. The regularizer must be differentiated with respect to the parameters which, as we propose, can be achieved using the chain rule. The purpose is to derive an expression for
It is straight forward to compute ∂r[φ] ∂ i.e. for Riemanian elasticity
Thus, our concern is to find a way to compute ∂ i ∂p , the derivatives of the eigen values w.r.t. the deformation parameters.
Eigen Values and Derivatives
We regularize the strain of the deformation through the eigen values of the strain tensor which can be decomposed as E = UΛU T . E = ∇ x φ(x)∇ x φ(x) T a positive definite symmetric matrix, assuming diffeomorphism. We want to take the derivative with respect to the eigen values Λ. For eigen values of a symmetric matrix with multiplicity of one it holds
The change in the strain can be written as
Combining eq. 12 and eq. 11 the change in eigen values can be written as
For multiplicity greater than one, no unique eigen vector exist however the derivatives are easily dealt with as follows. As we assume diffeomorphism the multiplicity simply indicates isotropy on a hyper plane. Thus, orthogonal to the distinct eigen vectors we find a hyper plane on which the stretch is the same in any direction. We can therefore freely choose the vectors in this hyper plane since all will be eigen vectors, thus the directions of the derivatives are free within this plane due to isotropy. These special cases can be dealt with easily in the implementation. Alternatively explicit derivatives exist for the SVD [22] .
Choice of Basis Functions
The choice of function for φ has a huge impact on performance, so both interpolating and non-interpolating functions can be used. We formulate the problem for a general basis function for φ which models the local neighborhood transformation and is evaluated at a single point x. The local transformation of x can be written as follows. φ(x; p) = x + B(x)p (14) where p is the parameters of φ(x, p) . φ characterizes the local deformation at x. The Jacobian ∇φ = J can then be written as
where B i (x) = ∂B(x) ∂xi . Several choices of basis functions exist and the above formulation does not limit the choice. For bases such as tensor product B-splines as used in [10] , cosine basis as used in [23] or polyhedra it is fast and straight forward.
Basis Examples
As examples we formulate the problem with tetrahedra and B-splines as the basis function which models the local neighborhood. Tetrahedra models an affine transformation, and we represent this by a single point x, the barycenter [24] of the tetrahedra for deformation constraint, and the points as the parameters in the transformation i.e. a free form deformation for all sample points with a constraint formulated for the barycenter. Figure 1 shows the a deformation based on triangles in x can be written as a linear combination of the vertices V in the
is the barycentric coordinates of x. Thus by choosing polyhedra as the basis, the analytical derivations of the objective function and its first order derivative becomes feasible. By first splitting the position of x up we write x = x 0 + Δx, the deformation and the Jacobian ∇φ = J can then be written as
Similarly for B-splines the derivatives can be derived. As B-splines are tensor product basis function we restrict ourselves to the 1-dimensional case. The basis polynomials and derivatives are given by: 
Experiments
Two types of experiments have been conducted. One type is on synthetic data to illustrate the ability to handle large deformations. We use 2D registration with B-splines and a 3D simulation using tetrahedra. For the real data we apply correlation ratio (CR) for MRI as distance measures and the SSD of a signed distance map for the ears. For all real data experiments a scale space approach has been used in a coarse to fine manner for the deformation, thus propagating the deformation field to a set of basis functions with higher resolution.
Synthetic Data
Several experiments on synthetic data are presented to illustrate the properties of the elasticity in this formulation for large-scale deformation. 2D experiments with 3rd degree B-splines and 3D using tetrahedra.
Large deformations. To test the regularization and its ability to capture largescale deformation we have performed three experiments. We register a square to a disc, a C to a disc and a disc to a C ( figure 2) . The experiments are performed in 2D with a uniform B-spline basis as parameterization of the deformation φ and cubic B-spline image interpolation.For the first experiment we use a resolution of 10 pixels between each node in the B-spline on the images with resolution 300 × 300 pixels. The number of samples are uniformly 100 × 100 in each direction. As figure 2(a) show, we can register a square to a circle obtaining smooth deformation fields that is diffeomorphic by definition. Registration of a C to a disc and vice versa is a difficult task and the success heavily depends on the right choice of scale for the basis functions. In this experiment we use 60 pixels between nodes 30, 8, 4, and 2 to obtain the desired result without falling into a local minimum. As figure 3(b) and figure 3(c) shows, we obtain deformation fields for both C to disc and disc to C with very large deformations. The obtained deformation fields are guaranteed to be diffeomorphic. To obtain symmetric solution such as in figure 3 (a) all of the basis functions at each resolution must be placed exactly symmetric and the problem must be exactly symmetric.
Otherwise the solution will be slightly asymmetric, emphasizing slightly. 
Cardiac Data
This data is a part of a cardiac data set of patients with a serious heart condition. The data consists of 2D slices from different patients which we co-register using CR and B-spline parameterization of φ. The slices are not obtained in exactly the same angle relative to the patient. Therefore most of the background in the images has been removed for demonstration purposes. The classes for the CR is based on a reference image segmented by hand. Figure 5 show a registration results, the transformation, the residual and the segmentation difference. The results show that the elasticity forces help move the papillary muscles into place as we know that they are considered a part of the myocardium by the CR due to the segmentation.
Ear Data
In addition we register 80 3D surfaces representing ear impression using 3D hyper elastic prior. This data was presented in [25] and was obtained to analyze the shape changes induced in the ear canal by movement of the mandible. The resulting average shape and a random deformation field is shown in figure 6 . 
Discussion
The method described in this paper can be implemented in parallel and offers due to the chain rule an easy way of switching between different kinds of elasticity. The performance in highly dependent on the parameterization φ e.g. a B-spline in 3D will have 192 parameters where as the tetrahedra only has 12 from which the strain tensor is computed. Thus, one should when solving a specific problem carefully select the appropriate parameterization such that speed, accuracy and performance suit the given task.
Summary and Conclusion
We have presented an efficient way of implementing hyper elastic regularization based on the chain rule and the derivatives of the eigen values of the left Cauchy-Green strain tensor. The method is illustrated on Riemanian Elasticity but it is in no way limited to this. We have shown in practice how the methodology is adapted to different parameterizations of the deformation and the fact that the approach can generally be adapted to any parametric base. Finally we have successfully applied the method to both synthetic and real data, in so doing illustrating the properties of the regularization. These include the ability to capture large deformation such as registering a C to a disc. The regularization can also capture more subtle deformation such as the deformation between ears in a population and it can capture very small local deformations such as the MRI data. Finally we have illustrated the effectiveness of the approach by comparing it to the computational complexity of SSD. The results were very convincing and only 1.45 times as computational expensive as SSD using B-spline interpolation.
